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ON THE COHOMOLOGY RING OF SYMPLECTIC FILLINGS
ZHENGYI ZHOU
Abstract. Let Y be the contact boundary of a 2n-dimensional flexible Weinstein domain W with
vanishing first Chern class. We show that for any Liouville filling W ′ of Y with vanishing first Chern
class, there is a linear isomorphism φ : H∗(W ;R)→ H∗(W ′;R) such that φ(α ∧ β) = φ(α) ∧ φ(β)
whenever α ∈ H2k(W ) for 2k ≤ n − 2. The main argument uses symplectic cohomology twisted
by sphere bundles, which can be viewed as a generalization of symplectic cohomology with local
systems.
1. Introduction
It is conjectured that Liouville fillings of certain contact manifolds are unique. The first result
along this line is by Gromov [12] and McDuff [20] that Liouville filling of the standard contact
3-sphere is unique. The dimension 4 case is special because of the intersection theory of J-
holomorphic curves. For higher dimensional cases, only weaker assertions can be made so far.
Eliashberg-Floer-McDuff [21] proved that any Liouville filling of the standard contact sphere is
diffeomorphic to a ball. Seidel-Smith [27] showed any Liouville filling of the standard contact
sphere has vanishing symplectic cohomology. Oancea-Viterbo [23] showed that H∗(Y ) → H∗(W )
is surjective for a simply-connected subcritically fillable contact manifold Y and any Liouville filling
W. Barth-Geiges-Zehmisch [4] generalized the Eliashberg-Floer-McDuff theorem to the subcritical
case assuming Y is simply connected. The reason of these results assuming subcritical is that
both of them appeal to a result of Cieliebak [7] that all subcritical Weinstein domain splits into a
product of a Weinstein domain and C after a deformation. Then one can partially compactify the
C component to CP1 and study the moduli space of holomorphic curves in the homology class of
[∗ × CP1]. Leaving the subcritical realm, Lazarev [19] showed that any flexible Weinstein filling
of a contact manifold has same cohomology, assume the first Chern class vanishes. In [31], we
showed that if Y has a flexible Weinstein filling, then any topological simple Liouville filling W
(pi1(Y ) → pi2(W ) is injective and c1(W ) = 0) of Y has vanishing symplectic (co)homology and
isomorphic cohomology as an abelian group. In fact, as we will explain in Remark 2.3, the pi1
injectivity condition can be dropped.
The goal of of this paper is to study the ring structure of Liouville fillings of a contact manifold
admitting a flexible Weinstein filling. Our main theorem is the following.
Theorem 1.1. Let Y be the contact boundary of a 2n-dimensional flexible Weinstein domain
W with c1(W ) = 0. Then for any Liouville filling W
′ of Y with c1(W ′) = 0, there is a linear
isomorphism φ : H∗(W ;R)→ H∗(W ′;R) preserving grading, such that φ(α∧β) = φ(α)∧φ(β) for
all α ∈ H2k(W ;R) with 2k ≤ n− 2.
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2 ZHENGYI ZHOU
Remark 1.2. If Y is the boundary of a subcritical Weinstein domain, [4, Theorem 1.2] along with
universal coefficient theorem shows that Liouville fillings of Y have isomorphic cohomology ring.
The method used in this paper is very different from the method used in [4, 20], where they
studied the moduli spaces of J-holomorphic curves of a partial compactification of W . The essential
property needed about W for the partial compactification is that W is ruled, i.e. W can be slitted
symplectically into W = V ×C. By result of Cieliebak [7], all subcritical Weinstein domain admits
such splitting. However, for many flexible critical Weinstein domains, such splitting does not exist
even in topology category, e.g. flexible cotangent bundles T ∗M whenever Euler number χ(M) 6= 0.
The method used in this paper is based on Floer theory. The strategy of the proof is representing
the cup product as multiplication with an Euler class of a sphere bundle. Therefore we consider
symplectic cohomology twisted by sphere bundles, which leads to Gysin exact sequences for de
Rham cohomology, symplectic cohomology and positive symplectic cohomology. The Gysin exact
sequence associated to a k-sphere bundle uses moduli spaces with dimension up to k. Since Y
admitting flexible Weinstein domain imposes strong properties of the Conley-Zehnder indexes of
the Reeb dynamics on Y by the work of Lazarev [19], when k is not too big, we show that the
Gysin exact sequence for a k-sphere bundle on the positive symplectic cohomology is independent
with the filling by a neck-stretching argument. Then we can relate it to the Gysin sequence of the
de Rham cohomology of the filling by the vanishing result in [31].
Remark 1.3. The reason of restricting to real coefficient is twofold. First, it is not true that every
class in H2k(M ;Z) can be represented as the Euler class of an oriented vector bundle [29] unless
multiplied by a large integer [13], which only depends on the degree and dimension. Second, the
Gysin exact sequence is derived from the Morse-Bott framework developed in [32], which is defined
on R. In the case considered in this paper, one can get Gysin exact sequences in Z-coefficient, since
our moduli spaces do not have isotropy or weight. For example, one can generalize the Morse-Bott
construction in [18] to sphere bundles to prove a Z-coefficient Gysin exact sequence. Gysin exact
sequences in Floer theory in a different context were considered in [6].
Acknowledgements. The author is supported by the National Science Foundation under Grant
No. DMS-1638352. It is a great pleasure to acknowledge the Institute for Advanced Study for its
warm hospitality. This paper is dedicated to the memory of Chenxue.
2. Contact manifolds with flexible fillings
We assume throughout this note that (Y, ξ) is a connected contact manifold of dimension 2n−1 ≥
5, such that ξ is co-oriented and its first Chern class c1(ξ) = 0.
Definition 2.1.
• (W,λ) is a Liouville filling of (Y, ξ) iff dλ is a symplectic form on W , the Liouville field
Xλ, defined by iXλdλ = λ, is outward transverse along ∂W , and (∂W, kerλ|∂W ) is contac-
tomorphic to (Y, ξ).
• (W,λ, φ) is a Weinstein filling of (Y, ξ) iff (W,λ) is a Liouville filling, φ : W → R is a
Morse function with maximal level set ∂W , and Xλ is a gradient-like vector field for φ.
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• (W,λ, φ) is a flexible Weinstein filling of (Y, ξ) iff (W,λ, φ) is a Weinstein filling, and
there exist regular values c1 < minφ < c2 < . . . < ck < maxφ of φ, such that there are
no critical values in [ck,maxφ] and each φ
−1([ci, ci+1]) is a Weinstein cobordism with a
single critical point p whose attaching sphere Λp is either subcritical or a loose Legendrian
in (φ−1(ci), λ|φ−1(ci)), see [8, Definition 11.29] and [19, Definition 2.4]
For a contact manifold (Y, ξ) with c1(ξ) = 0, the canonical line bundle of ξ is trivial. After
choosing a global trivialization of this bundle, we can assign an integer called the Conley-Zehnder
index µCZ(γ) to each Reeb orbit γ of a chosen contact form α. For contractible Reeb orbits, the
Conley-Zehnder index does not dependent on the choice of trivialization. We let the degree of γ
be the reduced Conley-Zehnder index
|γ| := µCZ(γ) + n− 3.
Let α be a contact form of (Y, ξ) and D > 0, we use P<D(Y, α) to denote the set of Reeb orbits
of α with period smaller than D. Let α1, α2 be two contact forms of (Y, ξ), we write α1 ≥ α2 if
α1 = fα2 for f ≥ 1.
Definition 2.2 ([19, Definition 3.6]). A contact manifold (Y, ξ) is asymptotically dynamically
convex if there exists a sequence of non-increasing contact forms α1 ≥ α2 ≥ α3 ≥ . . . for ξ and
increasing positive numbers D1 < D2 < D3 < . . . going to infinity such that all elements of
P<Dn(Y, αn) are contractible and have positive degree.
Remark 2.3. In the original definition of asymptotically dynamical convexity [19, Definition 3.6],
P<Dn(Y, αn) is defined to be the set of contractible periodic orbits. Hence the definition presented
here is stronger than the original definition. Cotangent bundle T ∗M is not asymptotically dynami-
cally convex here but is asymptotically dynamically convex in Lazarev’s definition when pi1(M) 6= 0.
The benefit of a stronger filling is that we do not need to assume pi1(Y ) → pi1(W ′) is injective in
Theorem 1.1 or the main result in [31]. Moreover, our primary object—contact manifolds admit-
ting flexible fillings satisfy the stronger version of asymptotically dynamical convexity.
One important consequence of asymptotically dynamical convexity is that the positive symplec-
tic cohomology is independent of the filling whenever the filling has vanishing first Chern class
[19, Proposition 3.8]. Roughly speaking, asymptotically dynamical convexity guarantees the 0-
dimensional moduli spaces used in the definition of positive symplectic cohomology are completely
contained in the cylindrical end, hence are independent of the filling. In this paper, we consider
sphere bundles over (positive) symplectic cohomology. Roughly speaking, the information for k-
sphere bundles is encoded in moduli spaces with dimension up to k. In particular, the associated
Gysin exact sequence depends on moduli spaces with dimension up to k. Hence the following
finner dynamical convexity is needed.
Definition 2.4. A contact manifold (Y, ξ) is k-asymptotically dynamically convex if there exists a
sequence of non-increasing contact forms α1 ≥ α2 ≥ α3 ≥ . . . for ξ and increasing positive numbers
D1 < D2 < D3 < . . . going to infinity such that all elements of P<Dn(Y, αn) are contractible and
have degree greater than k.
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Remark 2.5. In addition to the asymptotic property, the main difference between Definition
2.2 and dynamical convexity considered in [1, 15] is that Definition 2.2 only requires positive
degree while dynamical convexity in [1, 15] requires the minimal degree is given by the homological
minimum of the positive symplectic homology.
The main example of k-asymptotically dynamically convex contact manifolds comes from bound-
aries of flexible Weinstein domains. The following proposition was proven in [19].
Proposition 2.6 ([19, Theorem 3.15, 3.17, 3.18]). If a contact manifold (Y, ξ) has a flexible
Weinstein filling W , then Y is (n− 3)-asymptotically dynamically convex.
Remark 2.7. The original statement in [19] used the weaker notion of asymptotically dynamical
convexity [19, Definition 3.6], which is sufficient for the applications in [19, 31] and contains more
examples. However, the argument in [19, Theorem 3.15, 3.17, 3.18] showed that Proposition 2.6
holds. Such refinement was already used in [19, Remark 3.9].
3. Symplectic cohomology and fiber bundles
In this section, we review some basic properties of symplectic cohomology associated to a Liou-
ville domain [9, 24, 27]. Then we introduce the symplectic cohomology of sphere bundles and the
associated Gysin exact sequences using the abstract Morse-Bott framework developed in [32].
3.1. Symplectic cohomology.
3.1.1. Floer cochain complexes. To a Liouville filling (W,λ) of the contact manifold (Y, ξ), one can
associate the completion (Ŵ , dλ̂) = (W ∪Y [1,∞)r × Y, dλ̂), where λ̂ = λ on W and λ̂ = r(λ|Y )
on [1,∞)r×Y . Let α be a contact form on the contact manifold (Y, ξ) and Rα is associated Reeb
vector field, then we define
Spec(Y, α) := {
∫
γ
α|γ is periodic oribit of Rα}.
Since we will be using symplectic cohomology convention in [24, 27] to line up with the cohomo-
logical construction in [32], our convention for Hamiltonian vector field is given by
ω(·, XH) = dH.
If we take Hamiltonian H such that H|W = 0 and H = h(r) on Y × R+, where h(r) is a convex
increasing function. Then the periodic orbits of XH consist of all points in W and (γ, r0), where
γ is a Reeb orbit of (Y, λ|Y ) and h′(r0) =
∫
γ
λ. The symplectic action of a loop x : S1 → Ŵ is
defined by
(3.1) AH(x) := −
∫
x∗λ̂+
∫
H ◦ x(t)dt.
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Then symplectic action of critical point in W is zero, and the symplectic action of (γ, r0) is given
by
−r0h′(r0) + h(r0) = −r0h′(r0) +
∫ r0
1
h′(r)dr ≤ −r0h′(r0) + (r0 − 1)h′(r0)
= −h′(r0) < −min(Spec(Y, λ|Y )).
However those periodic orbits are not non-degenerate, we can perturb it to get an admissible
Hamiltonian in the following sense. Roughly speaking, the periodic orbits of the perturbed Hamil-
tonian correspond to either critical points of a Morse function on W and two periodic orbits for
each Reeb orbit, see e.g. [6].
Definition 3.1. Let (W,λ) be a Liouville domain and s /∈ Spec(Y := ∂W, λ|Y ). A Hamiltonian
H : S1 × Ŵ → R is admissible with slope s iff the following holds.
(1) H is C2-small time-independent Morse function on W .
(2) H is C2-close to a convex increasing function h(r) on Y × [1, ρ].
(3) H = h(r) is linear in r with slope s when r ≥ ρ.
(4) The periodic orbits of XH are non-degenerate. The periodic orbits consist of critical point
of H|W and non-constant orbit contained in Y × (0,∞).
(5) The C2-closeness in (1) and (2) is characterized by the symplectic action of critical point
in W is bigger than  and the symplectic action of non-constant orbits is smaller than 
for some  < 0.
The class of admissible Hamiltonian is denoted by H(W ). A time-dependent almost complex
structure J is admissible iff the following holds.
(1) J is compatible with ω̂ on Ŵ .
(2) J is cylindrical on Ŵ\W , i.e. J is independent of r, J preserves ξ = kerλ and J(r∂r) =
Rλ|Y .
The class of admissible almost complex structure is denoted by J (W ).
Given an admissible Hamiltonian H, symplectic cohomology can be understood as the Morse
cohomology associated to the symplectic action (3.1) on the free loop space LŴ . Critical points
of AH are periodic orbits of XH . Let J ∈ J (W ), then the Floer equation is the following partial
differential equation
(3.2) ∂su+ J(∂tu−XH) = 0,
where u : Rs × S1t → Ŵ . Let P(H) denotes the set of periodic orbits of H. For x, y ∈ P(H), the
moduli space Mx,y,H,J is defined to be the compactification of the moduli space of solutions to
the Floer equation
{u|∂su+ J(∂tu−XH) = 0, lim
s→−∞
u = y, lim
s→∞
u = x}/R
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by adding in broken Floer trajectories. For any (broken) Floer trajectories u = (u, . . . , uk) ∈
Mx,y,H,J , we have
(3.3) 0 < E(u) =
k∑
i=1
∫
|∂sui|2ds ∧ dt = AH(y)−AH(x).
Proposition 3.2. For any admissible Hamiltonian H with slope s, there exists a set JH ⊂ J of
second Baire category, such that for any almost complex structure J ∈ JH , we have the following.
(1) Mx,y,H,J is a smooth manifold with boundary and corner for all x, y ∈ P(H).
(2) ∂Mx,z,H,J = ∪yMx,y,H,J ×My,z,H,J .
(3) Mx,z,H,J are oriented such that the induced orientation of ∂Mx,z,H,J onMx,y,H,J×My,z,H,J
is given by the product orientation twisted by (−1)dimMx,y,H,J .
This proposition is a folklore, although it is usually stated and proven for moduli spacesMx,y,H,J
with virtual dimensional smaller or equal to 1. Giving a detailed proof of this claim is not the
goal of this paper, hence we only explain how it can be done. Since Ŵ is exact and J can depend
on t ∈ S1, we have transversality for unbroken Floer trajectories. A more classical treatment to
prove the first two claims is constructing a gluing map for families of Floer trajectories. In the
case of Morse theory, such construction can be found in [26]. Another method is adopting the
polyfold theory developed in [17]. Assume J is the almost complex structure, such that moduli
spaces of unbroken Floer trajectories of any virtual dimension are cut out transversely. Since the
linearization in polyfold and linearization of Floer equation are the same up to the quotient of the
R-translation, which is contained in the kernel of linearization of Floer equation. We have classical
transversality implies polyfold transversality, the existence of polyfolds for the Floer trajectories
(with sc-Fredholm sections) using the almost complex structure J is enough to prove the first two
claims of Proposition 3.2. A sketch of a polyfold construction for Hamiltonian-Floer theory can
be found in [30]. The claim on the orientation follows from [32, §5.1.1].
The Hamiltonian-Floer cochain complex is defined by counting the zero dimensional moduli
spaces in Mx,y,H,J . However, since we need to consider sphere bundles over the moduli spaces
later, which is naturally a Morse-Bott situation, we need to introduce the Morse-Bott framework
developed in [32]. To this purpose, we recall the concept of flow category, which was first introduced
in [10].
Definition 3.3 ([32, Definition 2.8]). A flow category is a small category C with the following
properties.
(1) The objects space ObjC = unionsqi∈ZCi is a disjoint union of closed manifolds Ci. The morphism
space MorC = M is a manifold with boundary and corner. The source and target maps
s, t :M→ C are smooth.
(2) Let Mi,j denote (s × t)−1(Ci × Cj). Then Mi,i = Ci, corresponding to the identity mor-
phisms and s, t restricted to Mi,i are identities. Mi,j = ∅ for j < i, and Mi,j is a compact
manifold with boundary and corner for j > i.
(3) Let si,j, ti,j denote s|Mi,j , t|Mi,j . For every strictly increasing sequence i0 < i1 < . . . < ik,
ti0,i1 × si1,i2 × ti1,i2 × . . . × sik−1,ik : Mi0,i1 ×Mi1,i2 × . . . ×Mik−1,ik → Ci1 × Ci1 × Ci2 ×
ON THE COHOMOLOGY RING OF SYMPLECTIC FILLINGS 7
Ci2× . . .×Cik−1×Cik−1 is transverse to the submanifold ∆i1× . . .×∆ik−1, where ∆ij is the
diagonal in Cij ×Cij . Therefore the fiber product Mi0,i1 ×i1Mi1,i2 ×i2 . . .×ik−1Mik−1,ik :=
(ti0,i1×si1,i2×ti1,i2×. . .×sik−1,ik)−1(∆i1×∆i2×. . .×∆ik−1) ⊂Mi0,i1×Mi1,i2×. . .×Mik−1,ik
is a submanifold.
(4) The composition m :Mi,j ×jMj,k →Mi,k is a smooth map, such that m :
⊔
i<j<kMi,j ×j
Mj,k → ∂Mi,k is diffeomorphism up to zero-measure, i.e. m is diffeomorphism from a full
measure open subset to a full measure open subset.
Remark 3.4. Flow category considered in [32]allows infinity many i such that Ci 6= ∅. In the case
considered in this paper, for each H ∈ H(W ), P(H) is always a finite set. Hence we restrict to
flow categories with finitely many i such that Ci 6= ∅.
In the case of Floer theory considered here, the object space is the set of critical points, the
morphism space is the union of all compactified moduli spaces of Floer trajectories. Source
and target map are evaluation maps at two ends and the composition is the concatenation of
trajectories. The fiber product transversality is tautological, as both source and target map to 0-
dimensional manifolds. If we label periodic orbits in P(H) by integers, such that AH(xi) ≤ AH(xj)
iff i ≤ j. Therefore if i > j, then Mxi,xj ,H,J = ∅ by (3.3). Moreover, we can require that xi is
a critical point of H|W iff i ≥ 0 by (5) of Definition 3.1. With such labels, Proposition 3.2 gives
three oriented flow categories CH,J , CH,J0 and CH,J+ ,
Obj(CH,J) := {xi}, Mor(CH,J) := {Mi,j :=Mxi,xj ,H,J};
Obj(CH,J0 ) := {xi}i≥0, Mor(CH,J0 ) := {Mi,j :=Mxi,xj ,H,J}i,j≥0;
Obj(CH,J+ ) := {xi}i<0, Mor(CH,J+ ) := {Mi,j :=Mxi,xj ,H,J}i,j<0.
Moreover, CH,J0 is sub flow category of CH,J with quotient flow category CH,J+ in the sense of [32,
Proposition 3.40].
The orientation property of Proposition 3.2 implies that C, C0, C+ are oriented flow categories [32,
Definition 2.13]. The main theorem of [32] is that for every oriented flow category C = {Ci,Mi,j},
one can associate it with a cochain complex C∗(C) over R generated by H∗(Ci;R), whose homotopy
type is well-defined. The key takeaway of the construction in [32] is the following.
Proposition 3.5 ([32, Corollary 3.15]). Let C = {Ci,Mi,j} be an oriented flow category. Assume
dimCi ≤ k for all i. Then the cochain complex C∗(C) only depends on Ci and those Mi,j with
dimMi,j ≤ 2k.
We call a flow category Morse iff dimCi = 0 for all i and Morse-Bott otherwise. In the Morse
case considered in Proposition 3.2, the cochain complex associated to CH,J is the usual Floer
cochain complex generated by P(H) with with differential
dxi :=
∑
j
(
∫
Mi,j,H,J
1)xj.
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Similarly, we have cochain complexes C∗(CH,J0 ), C∗(CH,J+ ) and a tautological short exact sequence
of cochain complexes
(3.4) 0→ C∗(CH,J0 )→ C∗(CH,J)→ C∗(CH,J+ )→ 0.
Proposition 3.6 ([25, Theorem 7.3.0.1]). For any slope s not in the period spectrum, there exist
H ∈ H(W ) of slope s and J ∈ JH , such that the following holds.
(1) J is time-dependent on W , such that (H, g := ω(·, J ·)) satisfies the Morse-Smale condition
on W .
(2) Any solution to the Floer equation with both ends asymptotic to critical points of H is
independent of t, i.e. is a gradient flow for (H, g := ω(·, J ·)).
Proof. Let H be any admissible Hamiltonian and J be admissible metric such that J is time-
independent on W and (H, g := ω(·, J ·)) satisfies the Morse-Smale condition on W . Then by [25,
Theorem 7.3.0.1], there exist a small enough τ , such that (τH, J) satisfies the claims. By the
maximal principle [19, Lemma 2.5], the moduli spaces considered in this proposition are contained
in W . Hence we can change τH outside W to an admissible Hamiltonian with any slope. 
As a consequence of Proposition 3.6, the cochain complex C∗(CH,J0 ) is the the Morse cochain
complex of W . Hence we have H∗(C∗(CH,J0 )) = H∗(W ;R).
Remark 3.7. Our grading convention follows [24], i.e. |xi| := n − µCZ(xi), where µCZ is the
Conley-Zehnder index. Such convention implies that if xi is a critical point of the C
2-small Morse
function H|W , then |xi| equals to the Morse index. The convention here is differed from [27] by n.
3.1.2. Continuation maps. Cohomology of cochain complexes above depends on the slope of the
admissible Hamiltonian, which only sees Reeb orbits of period less than the slope. To include all
Reeb orbits and define an invariant of the Liouville domain, we need to consider admissible Hamil-
tonian with arbitrarily large slope. The Floer cochain complexes of Hamiltonian with different
slopes are related using continuation maps. Unlike the Floer cohomology for compact symplectic
manifold, the continuation map for Floer cochain complexes above is asymmetric in the sense that
one can only define a continuation map from a Floer cochain complex with lower slope to one with
higher slope. Let H−, H+ ∈ H(W ), a homotopy of Hamiltonian Hs : R × S1 × Ŵ → R from H−
to H+ is admissible if the following holds.
(1) If s 0, then Hs = H−; If s 0, then Hs = H+.
(2) ∂sHs ≤ 0.
Let Js, s ∈ R be a smooth family of admissible almost complex structure such that Js = J− for
s  0 and Js = J+ for s  0. Let x− ∈ P(H−) and x+ ∈ P(H+), then we define Hx+,x−,Hs,Js to
be the compactified moduli spaces of the following equation
(3.5) ∂su+ Js(∂tu−XHs) = 0, lim
s→∞
u = x+, lim
s→−∞
u = x−,
where u : R× S1 → Ŵ . Similar to Proposition 3.2, we have the following.
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Proposition 3.8. Let Hs be an admissible homotopy of Hamiltonian from H− to H+ and J− ∈
JH− , J+ ∈ JH+. Then there exists an homotopy of admissible almost complex structures Js from
J− to J+, such that we have the following.
(1) Hx+,x−,Hs,Js is a smooth manifold with boundary and corner for all x+ ∈ P(H+), x− ∈
P(H−).
(2) ∂Hx+,x−,Hs,Js = ∪y−∈P(H)Hx+,y−,Hs,Js×My−,x−,H−,J−∪y+∈P(H+)Mx+,y+,H+,J+×Hy+,x−,Hs,Js.
(3) Hx+,x−,Hs,Js are oriented such that the induced orientation on Hx+,y−,Hs,Js×My−,x−,H−,J− ⊂
∂Hx+,x−,Hs,Js is the product orientation twisted by (−1)dimHx+,x−,Hs,Js and the induced ori-
entation on Mx+,y+,H+,J+ × Hy+,x−,Hs,Js ⊂ Hx+,x−,Hs,Js is the product orientation twisted
by (−1)dimMx+,y+,H+,J+ .
The claim on orientation can be found in [32, §5.1.3]. The remaining of the proposition follows
from either the gluing argument in [26] or a polyfold construction. As explained after Proposition
3.2, existence of polyfolds is sufficient, i.e. we do not need to use any polyfold perturbation. The
structure provided by Proposition 3.8 gives rise an oriented flow morphism, which is the geometric
structure required to define morphisms between the cochain complexes of flow categories.
Definition 3.9 ([32, Definition 3.20]). A flow morphism H : C ⇒ D from an oriented flow
categories C := {Ci,MCi,j} to another oriented flow category D := {Di,MDi,j} is a family of
compact oriented manifolds with boundary and corner {Hi,j}i,j∈Z, such that the following holds1.
(1) There are two smooth maps s : Hi,j → Ci, t : Hi,j → Dj..
(2) For every i0 < i1 < . . . < ik, j0 < . . . < jm−1 < jm, the fiber product MCi0,i1 ×i1 . . . ×ik
Hik,j0 ×j0 . . .×jm−1MDjm−1,jm is cut out transversely.
(3) There are smooth maps mL :MCi,j ×jHj,k → Hi,k and mR : Hi,j ×jMDj,k → Hi,k, such that
s ◦mL(a, b) = sC(a), t ◦mL(a, b) = t(b), s ◦mR(a, b) = s(a), t ◦mR(a, b) = tD(b),
where map sC is the source map for flow category C and map tD is the target map for flow
category D.
(4) The map mL∪mR : ∪jMCi,j×jHj,k ∪jHi,j×jMDj,k → ∂Hi,k is a diffeomorphism up to zero
measure.
A flow morphism is oriented if Hi,j are oriented such that they satisfies a certain relation on
the boundary, see [32, Definition 3.20] for details. Because ∂sHs ≤ 0, if H(x+, x−, Hs, Js) 6= ∅,
then we have AH−(x−) − AH+(x+) ≥ 0. For xi ∈ P(H+), i ≥ 0, xj ∈ P(H−), j < 0, we have
AH−(xj)−AH+(xi) < 0, hence Hxi,xj ,Hs,Js = ∅. Then given an admissible Homotopy Hs from H−
to H+ and Js is a regular almost complex structure in Proposition 3.8. Then we have three flow
morphisms,
HHs,Js : CH+,J+ ⇒ CH−,J− , Hi,j := Hxi,xj ,Hs,Js , xi ∈ P(H+), xj ∈ P(H−);
HHs,Js0 : CH+,J+0 ⇒ CH−,J−0 , Hi,j := Hxi,xj ,Hs,Js , xi ∈ P(H+), xj ∈ P(H−), i, j ≥ 0;
HHs,Js+ : CH+,J++ ⇒ CH−,J−+ , Hi,j := Hxi,xj ,Hs,Js , xi ∈ P(H+), xj ∈ P(H−), i, j < 0.
1If there are infinity many i ∈ N, such that Ci, Di 6= ∅ as in Remark 3.4, then we need to assume in addition
that there exists N ∈ Z, such that when i− j > N , Hi,j = ∅.
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They are oriented flow morphisms by (3) of Proposition 3.8. By [32, Theorem 3.24], an oriented
flow morphism induces a cochain morphism between cochain complexes of flow categories. In the
Morse case here (dimCi = dimDi = 0), the cochain morphism φ
Hs,Js : C∗(CH+,J+)→ C∗(CH−,J−)
is defined by
φHs,Js(x+) :=
∑
x−∈P(H−)
(
∫
Hx+,x−,Hs,Js
1)x−.
Similarly, we have φHs,Js0 : C
∗(CH+,J+0 ) → C∗(CH−,J−0 ) and φHs,Js+ : C∗(CH+,J++ ) → C∗(CH−,J−+ ).
φHs,Js0 induces an isomorphism on the cohomology H
∗(W ;R). If Hs|W , Js|W is independent of s
and satisfies Proposition 3.6, then φHs,Js0 is the identity map.
Similar to Proposition 3.5, we have the following form [32] for the cochain morphism associated
to a general flow morphism.
Proposition 3.10 ([32, Corollary 3.26]). Let C = {Ci,MCi,j},D = {Di,MDi,j} be two oriented flow
categories and H = {Hi,j} an oriented flow morphism from C to D. Assume dimCi, dimDi ≤ k
for all i. Then the cochain morphism induced by H only depends on those Hi,j with dimHi,j ≤ 2k.
The last ingredient of the standard Floer theory is the functoriality of continuation map. To
be more specific, let H1, H2, H3 ∈ H(W ) such that there exist admissible homotopy H1,2, H2,3 and
H1,3from H2, H3, H3 to H1, H2, H1 respectively. Then cochain morphism φ
H2,3 ◦φH1,2 is homotopic
to φH1,3 . Such result can be proven by a homotopy of homotopy argument [2, Chapter 11]. To
incorporate with the Morse-Bott situation in the consideration of sphere bundles, like Proposition
3.2 and Proposition 3.8, the homotopy of homotopy argument gives rise to moduli spaces forming
oriented flow homotopies [32, Definition 3.31].
Proposition 3.11. There is oriented flow homotopies between the flow morphisms HH1,3 ,H
H1,3
+ and
compositions [32, Definition 3.27] HH2,3 ◦ HH1,2 ,HH2,3+ ◦ HH1,2+ respectively. Hence by [32, Theorem
3.30, 3.33], the existence of flow homotopies reproves that φH1,3 , φ
H1,3
+ is homotopic to φ
H2,3 ◦
φH1,2 , φ
H2,3
+ ◦ φH1,2+ respectively.
We define partial order H+ < H− for H+, H− ∈ H(W ) if there exists an admissible homotopy
from H− to H+. By Proposition 3.11, morphisms on cohomology induced from flow morphisms
form a directed system, i.e. φH1,3 = φH2,3 ◦ φH1,2 , φH1,3+ = φH2,3+ ◦ φH1,2+ on cohomology. With such
preparation, we can define the symplectic cohomology and positive symplectic cohomology as the
direct limit over such partial order.
SH∗(W ;R) := lim−→
H∈H(W )
SH∗(H, J), SH∗+(W ;R) := lim−→
H∈H(W )
SH∗+(H, J).
Moreover, SH∗(W ;R), SH∗+(W ;R) are invariants of the Liouville domain W , i.e. it is independent
of the almost complex structures involved in the construction by a similar homotopy and homotopy
of homotopy argument. Since direct limit is exact, the exact sequence in (3.4) implies a long exact
sequence
. . .→ H∗(W ;R)→ SH∗(W ;R)→ SH∗+(W ;R)→ H∗+1(W ;R)→ . . . .
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3.2. Sphere bundles and Gysin exact sequence. For any oriented k-sphere bundle pi : E →
W , there is an associated Gysin exact sequence
(3.6) . . . −→ H i(W ;R) (−1)
ipi∗−→ H i(E;R) pi∗−→ H i−k(W ;R) ∧(−1)
ie−→ H i+1(W ;R) −→ . . . .
Here pi∗ is integration along the fiber using the convention in [5, §6] and e is the Euler class of pi, the
extra signs are for the consistency with [32]. In this subsection, we consider sphere bundles over
symplectic cohomology and deduce the associated Gysin exact sequences. Such construction can
be viewed as a higher dimensional analogue of Floer cohomology with local systems. Gysin exact
sequence in Floer theory was first considered by Bourgeois-Oancea [6], where the exact sequence
arises from a S1-bundle in the construction of S1-equivariant symplectic homology. Fiber bundles
over Floer theory was first considered by Barraud-Cornea [3], where they consider the path-loop
fibration. Smooth fiber bundles considered in this paper is tectonically easier to deal with. In
particular, the construction in [32] works as long as the moduli spaces support integration [16].
We first recall the concept of sphere bundles over flow categories.
Definition 3.12 ([32, Definition 6.16]). Let C = {Ci,MCi,j} be an oriented flow category. An
oriented k-sphere bundle over C is a flow category E = {Ei,MEi,j} with functor pi : E → C, such
that the following holds.
(1) pi maps Ei to Ci and MEi,j to MCi,j.
(2) pi : Ei → Ci and pi :MEi,j →MCi,j are k-sphere bundles, such that sEi,j, tEi,j are bundle maps
covering sCi,j, t
C
i,j.
(3) pi : Ei → Ci and pi :MEi,j →MCi,j are oriented sphere bundles such that both bundle maps
sEi,j, t
E
i,j preserve the orientation.
By [32, Proposition 6.17], an oriented k-sphere bundle E over an oriented flow category is an
oriented flow category. The construction [32, Definition 3.11] assigns E with cochain complex, and
we have the following.
Proposition 3.13 ([32, Theorem 6.18]). Let E be an oriented k-sphere bundle over an oriented
flow category C. Then we have a short exact sequence of cochain complexes2
0→ C∗(C) pi∗→ C∗(E) pi∗→ C∗−k(C)→ 0.
It induces the following Gysin exact sequence
(3.7) . . .→ H∗(C)→ H∗(E)→ H∗−k(C)→ H∗+1(C)→ . . . .
Remark 3.14. pi∗, pi∗ are induced by flow morphisms, which are completely determined by E. A
compact manifold C can be understood as flow category whose object space is diffeomorphic to C
and morphism space consists of the identify morphisms. In such special case, i.e. C = C, E = E
are both actual spaces such that E is a sphere bundle over E, pi∗ is given by the flow morphism
C
s=pi←− E t=id−→ E and pi∗ is given by the flow morphism E s=id←− E t=pi−→ C.
2To be more precise, we have a short exact sequence using certain choices in the construction. However, in the
special case that C is Morse, the minimal construction in [32, Theorem 3.12] gives the short exact sequence.
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Remark 3.15 ([32, Corollary 6.20]). If C = {Ci,Mi,j} is a Morse flow category, i.e. dimCi = 0.
Then H∗(E) and the Gysin exact sequence only depend onMEi,j with dimMEi,j ≤ 2k. In particular,
they only use the moduli spaces Mi,j of dimension up to k. The non-triviality of higher moduli
spaces Mi,j is the foundation of existence of interesting sphere bundles.
Remark 3.16. The Gysin exact sequence considered in [32] works for any Morse-Bott flow cate-
gories C. In the case considered here, i.e. C is Morse, it is possible to generalize the construction in
[18] to the Sk case to get a Z-coefficient Gysin exact sequence. The benefit of using the construction
in [32] is that we have a simple proof of Proposition 3.20.
Definition 3.17. A Gysin exact sequence (3.7) is trivial iff H∗−k(C)→ H∗+1(C) is zero.
Next we explain how to get a sphere bundle over the flow categories introduced in Subsection
3.1.
Proposition 3.18. Let W be a Weinstein domain and H ∈ H(W ), J ∈ JH . We write C, C0, C+
as the associated flow categories constructed from Proposition 3.2. Let pi : E → W be an oriented
k-sphere bundle and Pγ the parallel transportation along path γ for a fixed connection on E. Then
we have an oriented k-sphere bundles E , E0, E+ over C, C0, C+ respectively.
Proof. If we write C = {xi,Mi,j}, then we define Ei := Exi(0) ' Sk and MEi,j :=Mi,j × Ei. The
structure maps are defined by
sE :Mi,j × Ei → Ei, (u, v) 7→ v;
tE :Mi,j × Ei → Ej, (u, v) 7→ Pu(·,0)v;
m : (Mi,j × Ei) tE×sE(Mj,k × Ej) → Mi,k × Ei, (u1, v, u2, Pu1(·,0)v) 7→ (u1, u2, v).
It is direct to check that they form a category. The fiber product transversality follows from that
sE, tE are submersive. Because E → W is an oriented sphere bundle, we have Ei = Exi(0) is
oriented and Pγ preserves the orientation. Hence E = {Ei,MEi,j} is an oriented k-sphere bundle
over C. Similarly we have oriented sphere bundles E0, E+ over C0, C+. 
Similarly, there is a notion of oriented sphere bundles over flow-morphisms. Given two oriented
k-sphere bundles E → C,F → D. Let H : C ⇒ D be a flow morphism, then a k-sphere bundle P
over H is defined as follows.
(1) P = {Pi,j} is a flow morphism from E to F .
(2) pi : Pi,j → Hi,j is a k-sphere bundle, such that sP , tP are bundles maps covering sH , tH .
(3) If pi : Pi,j → Hi,j is an oriented bundle and sP , tP preserve the orientation, then P is an
oriented sphere bundle.
Given a sphere bundle E → W with a parallel transportation, let H,H0,H+ be the flow morphisms
constructed from an admissible homotopy Hs by Proposition 3.8. Then by the same construction
in Proposition 3.18, there are induced oriented sphere bundles P,P0,P+ over them. Similarly,
construction in Proposition 3.18 also applies to flow homotopies in Proposition 3.11 to give flow
homotopies between sphere bundles of flow morphisms. Then by [32, Theorem 3.30, Theorem
3.33], the existence of sphere bundles over flow homotopies implies that all H∗(C∗(EH,J)) form a
direct system over H(W ).
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Definition 3.19. Let E → W be an oriented k-sphere bundle over a Weinstein domain W , then
we define
SH∗(E;R) := lim−→H
∗(C∗(EH,J)), SH∗+(E;R) := lim−→H
∗(C∗(EH,J+ )).
Next, we recall the following result from [32].
Proposition 3.20 ([32, Theorem 8.13]). Let pi : E → W be an oriented k-sphere bundle over
a Weinstein domain W . We define C0 to be the Floer category of critical points of H|W using
Proposition 3.6. Let E0 be the sphere bundle over C0 in Proposition 3.18, then the induced Gysin
exact sequence is the classical Gysin exact sequence (3.6) for pi : E → W .
Proposition 3.21. Let E be an oriented k-sphere bundle over the Liouville domain W , then we
have following commutative diagram exact sequences both in columns and rows.
...

...

...

...

. . . // H∗(W ;R) //

SH∗(W ;R) //

SH∗+(W ;R) //

H∗+1(W ;R) //

. . .
. . . // H∗(E;R) //

SH∗(E;R) //

SH∗+(E;R) //

H∗+1(E;R) //

. . .
. . . // H∗−k(W ;R) //
∧(−e)

SH∗−k(W ;R) //

SH∗−k+ (W ;R) //

H∗−k+1(W ;R) //
∧(−e)

. . .
. . . // H∗+1(W ;R) //

SH∗+1(W ;R) //

SH∗+1+ (W ;R) //

H∗+2(W ;R) //

. . .
...
...
...
...
Here e is the Euler class of the sphere bundle E.
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Proof. Given an admissible Hamiltonian H and a regular J , then by [32, Proposition 6.23], we
have the following commutative digram up to homotopy, such that each row and column is exact.
0

0

0

0 // C∗(CH,J0 ) //

C∗(EH,J0 ) //

C∗−k(CH,J0 ) //

0
0 // C∗(CH,J) //

C∗(EH,J) //

C∗−k(CH,J) //

0
0 // C∗(CH,J+ ) //

C∗(EH,J+ ) //

C∗−k(CH,J+ ) //

0
0 0 0
Such square induces a commutative square of long exact sequences for the Hamiltonian H. Given
an admissible homotopy of Hamiltonian Hs from H− to H+ and a regular homotopy of almost
complex structure Js, then we have a morphism between the exact square for H+ and H− induced
by flow morphisms H,H0,H+ and P,P0,P+, such that it is commutative up to homotopy by [32,
Proposition 3.50, Proposition 6.24].
C∗(CH+,J+0 ) //

))
C∗(EH+,J+0 ) //

))
C∗−k(CH+,J+0 )

**
C∗(CH−,J−0 ) //

C∗(EH−,J−0 ) //

C∗−k(CH−,J−0 )

C∗(CH+,J−) //

))
C∗(EH+,J+) //

))
C∗−k(CH+,J+)

**
C∗(CH−,J−) //

C∗(EH−,J−) //

C∗−k(CH−,J−)

C∗(CH+,J++ ) //
))
C∗(EH+,J++ ) //
))
C∗−k(CH+,J++ )
**
C∗(CH−,J−+ ) // C∗(EH−,J−+ ) // C∗−k(CH−,J−+ )
Such digram induces commutative diagram of square of long exact sequences from H+ to H−.
Taking a direct limit, we prove the proposition. 
By the Gysin exact sequence for symplectic cohomology SH∗(W ;R), we have the following
vanishing result.
Proposition 3.22. If SH∗(W ;R) = 0 and E is an oriented sphere bundle over Liouville domain
W , then SH∗(E;R) = 0.
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Remark 3.23. The vanishing result in Proposition 3.22 is key to our proof. Such property is
not always true for “twisted” Floer cohomology, for example, the twisted symplectic homology
considered in [22].
3.3. Neck-stretching and independence of the positive Gysin sequence. It was proven in
[9, 19] that the positive symplectic cohomology is independent of the Liouville filling for (asymptot-
ically) dynamically convex contact manifold Y . Roughly speaking, the proof uses a neck-stretching
argument to show that the 0-dimensional moduli spaces involved in the definition of the positive
symplectic cohomology in contained in Y ×R+. Similarly for k-asymptotically dynamically convex
contact manifolds, the moduli spaces for positive symplectic cohomology of dimension no greater
than k is contained in Y × R+. Since the Gysin exact sequence for k-sphere bundle only involves
moduli spaces of dimension no greater than 2k. From Proposition 3.18, such moduli spaces only
involve moduli spaces of dimension no greater than k in the base. Therefore we should have a sim-
ilar independence result. If we have k-dynamical convexity instead of k-asymptotically dynamical
convexity, then the moduli spaces for Floer cochain complexes and continuation maps are enough
for the proof of the independence. To incorporate the asymptotic property, we need to recall the
moduli spaces for transfer maps first.
3.3.1. Transfer maps. Let (W,λW ) be a Liouville domain, a subdomain V ⊂ W is a Liouville
subdomain if (V, λW |V ) is a Liouville domain. For a subdomain V ⊂ W , there is a transfer map
SH∗(W ) → SH∗(V ), which was first introduced in [28]. The analogue for positive symplectic
cohomology can be found in [14]. We review the construction and related moduli spaces following
[19].
Definition 3.24. Let V ⊂ W be a Liouville subdomain. Assume U ⊂ W be a collar neighborhood
∂V such that (U, ω) is symplectomorphic to (∂V × [1, 1 + V ], d(tα)). Then we define H(W,V ) be
the class of admissible step Hamiltonians on Ŵ , i.e. Hamiltonians such that the following holds.
(1) H is C2-small in V and time-independent.
(2) H is C2-close to a linear function on U with slope sV , is C
2-close to a convex increasing
function h1(r) near ∂V × {1} and is C2-close to a concave increasing function h2(r) near
∂V × {1 + V }.
(3) H is C2-close to sV V and time-independent in W\(V ∪ U).
(4) H is C2-close to a linear function with slope sW in Ŵ\W and is C2-close to a convex
increasing function h3(r) near ∂W .
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Figure 1. Graph of an admissible step Hamiltonian
The C2-smallness and closeness in Definition 3.24 is characterized by the following properties.
(1) All periodic orbits are non-degenerate.
(2) There are five types periodic orbits for H ∈ H(W,V ) as follows.
(I) Critical points of H|V .
(II) Orbits near ∂V corresponding to parametrized Reeb orbits of ∂V with period smaller
than sV .
(III) Orbits near ∂(V ∪U) corresponding to parametrized Reeb orbits of ∂V with period
smaller than sV .
(IV) Critical points of H|W\(V ∪U).
(V) Orbits near ∂W corresponding to parametrized Reeb orbits of ∂W with period
smaller than sW .
Proposition 3.25 ([19, Proposition 2.11], [9, Lemma 2.3]). If V >
sW
sV
, then we have the action
of periodic orbits satisfies the following relation
A(II) <  < A(I) < 0 < A(V ) < A(IV ).
There are no Floer trajectories from type III to type I or II.
Similar to Proposition 3.2, for every H ∈ H(W,V ), there exist admissible almost complex
structure J such that we have transversality and a Morse flow category CH,J . Then the period orbits
of type I,III,IV,V and moduli spaces of Floer trajectories between them form a flow subcategory,
and the periodic orbits of type II and related moduli spaces from a flow quotient category CH,JII .
We define HV to be the Hamiltonian equals to H on V ∪ ∂V × [1, 1 + δV
2
] and extends to V̂
linearly. Then the “no-escape” lemma [19, Lemma 2.5] shows that CH,JII = CH
V ,J
+ . Let H+ ∈
H(W ) and assume there exists a homotopy Hs from H ∈ H(W,V ) in the discussion above to
H+ such that ∂sHs ≤ 0. By Proposition 3.8, there exist a regular homotopy of admissible almost
complex structures Js, which makes moduli Hx+,x−,Hs,Js is a smooth manifold with boundary.
Since Hx+,x−,Hs,Js 6= ∅ implies that AH(x−) ≥ AH+(x+). Therefore we have an oriented flow
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morphism THs,Js : CH+,J++ ⇒ CH,JII = CH
V ,J
+ defines by Ti,j := Hxi,xj ,Hs,Js for xi ∈ P(H+) with i < 0
and xj ∈ P(H) of type II. Then the homotopy of homotopy argument shows that the transfer
map commute continuation map [14, Proposition 4.7]. In other words, there exist flow homotopy
between composition of flow morphisms from the transfer map and the continuation map. Since
the transfer map is built from the continuation map, such claim is a special case of Remark 3.11.
Proposition 3.26. Let H1 ∈ H(W ), H2 ∈ H(W ), H3 ∈ H(W,V ) and H1,2, H2,3, H1,3 are ad-
missible homotopy from H2, H3, H3 to H1, H2, H1 respectively. Then there is an oriented flow
homotopy from TH2,3 ◦ HH1,2+ to TH1,3. Similarly, Let H1 ∈ H(W ), H2 ∈ H(W,V ), H3 ∈ H(W,V )
and H1,2, H2,3, H1,3 are admissible homotopy from H2, H
V
3 , H3 to H1, H
V
2 , H1 respectively. Then
there exists an oriented flow homotopy from H
H2,3
+ ◦ TH1,2 to TH1,3. When pi : E → W be an
oriented sphere bundle, then the construction in Proposition 3.18 gives sphere bundles over the
flow homotopies.
The following statement follows from a standard neck-stretching argument [6, 9, 19].
Proposition 3.27 ([19, Proposition 3.10]). Let (Y, ξ) be a contact manifold with a contact form
α. Assume Y has two Liouville fillings (W1, λ1), (W2, λ2) with vanishing first Chern class, such
that λ1|Y = λ2|Y = α. Suppose there exist D > 0, such that all Reeb orbit of Rα with period
smaller than D have degree greater than k. Then the following holds.
(1) There exist H1 ∈ H(W1), H2 ∈ H(W2) of slope < D and J1 ∈ JH1 , J2 ∈ JH2 satisfying
H1 = H2, J1 = J2 on the cylindrical end Y×R+, such that for any two non-constant periodic
orbits x, y of H = H1 = H2 in the cylindrical end, if dimMx,y,H1,J1 = dimMx,y,H2,J2 ≤ k,
then Mx,y,H1,J1 =Mx,y,H2,J2 is contained completely in the cylindrical end.
(2) There exist admissible homotopy of Hamiltonian H1,s, H2,s from H1,− ∈ H(W1) to H1,+ ∈
H(W1) and from H2,− ∈ H(W2) to H2,+ ∈ H(W2) along with two regular homotopies of
almost complex structure J1,s, J2,s, such that the following holds.
(a) (H1,−, J1,−) and (H2,−, J2,−) satisfy (1), same holds for (H1,+, J1,+) and (H2,+, J2,+).
(b) H1,s = H2,s and J1,s = J2,s on the cylindrical end.
(c) For non-constant period orbits x ∈ P(H1,+ = H2,+) and y ∈ P(H1,− = H2,−), if
dimHx,y,H1,s,J1,s = dimHx,y,H2,s,J2,s ≤ k, then then Hx,y,H1,s,J1,s = Hx,y,H2,s,J2,s is con-
tained completely in the cylindrical end
(3) Assume Y is the concave boundary of a Liouville cobordism M and both W1 ∪Y M and
W2 ∪Y M has vanishing first Chern class. Then there exist two admissible homotopies of
Hamiltonian H1,s, H2,s from H1 ∈ H(W1 ∪Y M,W1), H2 ∈ H(W2 ∪Y M,W2) to H1,+ ∈
H(W1 ∪Y M), H2,+ ∈ H(W2 ∪Y M) respectively with regular homotopies of almost complex
structure J1,s, J2,s, such that the following holds.
(a) (HW11 , J1,−) and (H
W2
2 , J2,−) satisfy (1), same holds for (H1,+, J1,+) and (H2,+, J2,+).
(b) H1,s = H2,s and J1,s = J2,s on the positive completion M ∪ ∂+M × R+ of M .
(c) For non-constant period orbits x ∈ P(H1,+ = H2,+) and y ∈ P(H1 = H2) of type
II, if dimHx,y,H1,s,J1,s = dimHx,y,H2,s,J2,s ≤ k, then then Hx,y,H1,s,J1,s = Hx,y,H2,s,J2,s is
contained completely in the positive completion of M .
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Proposition 3.28. Let Y be a k-asymptotically dynamically convex manifold with a Liouville
filling (W,λ). Then there exists contact forms α1 ≥ α2 ≥ . . . and D1 < D2 < . . . converging to
infinity, such that the following holds.
(1) All elements in P<Di(Y, αi) have degree greater than k.
(2) There exist a sequence of Liouville fillings (Wi, λi) of (Y, αi), i.e. λi|Y = αi.
(3) Wi+1 is a Liouville subdomain of Wi, such that (Y × [1, 3], d(rαi+1)) is a collar of Wi+1 in
Wi.
Proof. Since Y is k-asymptotically dynamically convex, there exist a sequence of contact forms
α1 ≥ α2 ≥ . . . and a sequence of positive numbers D1 < D2 < . . . converging to infinity, such
that all elements in P<Di(Y, αi) have degree greater than k. Then we can pick a subsequence such
that D1 <
1
4
D2 < . . . . . .. Then by rescaling the contact form, we may assume D1 < D2 < . . .
converging to infinity and 1
4
αi ≥ αi+1, such that all elements in P<Di(Y, αi) have degree greater
than k. Let α := λ|Y , then (Y × (0,∞), d(rα)) is embedded symplectically in the completion
Ŵ . If αi = fiα, then the subdomain Wi of Ŵ bounded by the hypersurface r = fi is a Liouville
filling of (Y, αi). By our assumption, we have fi ≥ 4fi+1. In particular, the domain bounded by
r = 3fi+1 is contained in Wi. That is (Y × [1, 3], d(rαi+1)) ' {fi+1 ≤ r ≤ 3fi+1} ⊂ Ŵ is a collar
neighborhood of Wi+1 inside Wi. 
Proposition 3.29. Let Y be a k-asymptotically dynamically convex contact manifold with an
oriented k-sphere bundle E. Assume W is a Liouville filling of Y such that E extends to an oriented
sphere bundle E ′ over W , then the Gysin exact sequence on the positive symplectic cohomology
. . .→ SH∗+(W ;R)→ SH∗+(E ′;R)→ SH∗−k+ (W ;R)→ SH∗+1+ (W ;R)→
is independent of W as long as E extends to W .
Proof. First, we have W1 ⊃ W2 ⊃ . . . and D1 < D2 < . . . converging to infinity such that
Proposition 3.28 holds. By Proposition 3.25, we have the following square of flow morphisms,
which on the cochain level is commutative up to homotopy by Proposition 3.26. We suppress the
almost complex structures for simplicity.
(3.8) CH1,1 H1,1 +3
T1,1

CH1,2 H1,2 +3
T1,2

. . .
CH2,1 H2,1 +3
T2,1
CH2,2 H2,2 +3
T2,2
. . .
...
...
. . .
Here Hi,j is an admissible Hamilton on Wi with slope Dj. Hi,j is the flow morphism from con-
tinuation map construction and Ti,j is the flow morphism from transfer map construction. Then
the positive symplectic cohomology is the direct limit of cohomology of the diagram. Since the
direct limit can also be computed using only the lower half triangle, which is final in the direct
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system, Proposition 3.28 implies that the positive symplectic cohomology is independent of the
filling. This is the argument in [19].
For sphere bundles, the diagram (3.8) implies the following digram of cochain complexes, which
is commutative up to homotopyby Proposition 3.26 and [32, Proposition 6.23].
C∗(C1,1) //

''
C∗(C1,2) //

''
. . .
C∗(E1,1) //

((
C∗(E1,2) //

((
. . .
C∗−k(C1,1) //

C∗−k(C1,2) //

. . .
C∗(C2,1) //

''
C∗(C2,2) //

''
. . .
C∗(E2,1) //

((
C∗(E2,2)

//
((
. . .
C∗−k(C2,1) //

C∗−k(C2,2) //

. . .
...
...
...
...
...
...
. . .
All tuples of cochain complex on the diagonal are short exact sequences, which gives rise to the
Gysin exact sequence. If we apply the Gysin exact sequence to the diagonals, then we have
a square of Gysin exact sequences, which are commutative. The Gysin exact sequence on the
positive symplectic cohomology is the direct limit. Similarly, we can compute the direct limit
just using the lower triangle. By Proposition 3.28 and Proposition 3.27, we may assume all maps
involved in the lower triangle do not depend on the filling. Hence the Gysin exact sequence is
independent ot the filling. 
4. Proof of the main theorem and applications
We first recall the following result, which serves the starting point of Theorem 1.1.
Theorem 4.1 ([31, Theorem 1.1]). Let W be a flexible Weinstein domain such that c1(W ) = 0.
Assume W ′ is another Liouville filling of the contact boundary Y := ∂W with c1(W ′) = 0, then
SH∗(W ′;Z) = 0 and H∗(W ′;Z) = H∗(W ;Z) as graded abelian groups.
Remark 4.2. [31, Theorem 1.1] also requires injectivity of pi1(Y )→ pi1(W ′). This condition can
be dropped if we use the asymptotically dynamical convexity defined in Definition 2.2, which holds
for flexibly fillable contact manifolds with vanishing first Chern class.
Remark 4.3. All results in this section also hold if we replace Liouville fillings by symplectically
aspherical filling, as exactness is only used in the definition of symplectic cohomology to rule out
sphere bubbles. If general symplectic fillings are considered, then the uniqueness of filling does
not hold as we can always blow up the filling. Note that the blow-up destroys both symplectic
asphericity and vanishing of first Chern class. Even though symplectic cohomology can be defined
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with appearance of sphere bubbles, the parallel transportation construction in Proposition 3.18
breaks down when sphere bubbles exist.
Our method of proving Theorem 1.1 is to represent even degree cohomology class as the Euler
class of a sphere bundle. The following result explains which class can be realized as the Euler
class of a sphere bundle.
Theorem 4.4 ([13, Theorem 4.1]). Given k,m ∈ N, let K(Z, 2k)m be the m-skeleton of the
EilenbergMacLane space K(Z, 2k), with inclusion map i : K(Z, 2k)m ↪→ K(Z, 2k). Then there is
N(k,m) > 0 and an oriented 2k-dimensional vector bundles ξk,m over K(Z, 2k)m with e(ξk,m) =
N(k,m) · i∗u, where u is the generator of H2k(K(Z, 2k);Z).
As a corollary of Theorem 4.4, let W be manifold of dimension 2n and α ∈ H2k(W ;Z). Then
α is uniquely represented by the homotopy class of a map fα : M → K(Z, k)2n+1. Then the Euler
class of f ∗αξk,2n+1 is N(k, 2n+ 1) · α.
Proposition 4.5. Let Y be the contact boundary of a flexible Weinstein domain W with c1(W ) =
0. Assume W ′ is an Liouville filling of Y with c1(W ′) = 0, then we have H2k(W ′;R)→ H2k(Y ;R)
is an isomorphism for 2k ≤ n− 2.
Proof. Since the abelian group H2k(W ′;Z) has a non-conical decomposition into free and torsion
parts H2k(W ′;Z) = H2kfree(W ′;Z) ⊕ H2ktor(W ′;Z). We first prove that for any decomposition we
have H2kfree(W
′;Z) → H2k(Y ;Z) is an injection for 2k ≤ n − 2. Assume otherwise, there is an
element α ∈ H2kfree(W ′;Z) ⊂ H2k(W ′;Z) such that α|Y = 0 in H2k(Y ;R). By Theorem 4.4, there
exist N ∈ N, a 2k-dimensional vector bundle ξk,2n+1 over the 2n + 1 skeleton K(Z, 2k)2n+1 of
the Eilenberg-MacLane space K(Z, 2k) and fα : W ′ → K(Z, 2k)2n+1, such that the Euler class
of E ′ := f ∗αξ2k,2n+1 is Nα. Since α|Y = 0 in H2k(Y ;R), we have fα|Y : Y → K(Z, 2k)2n+1 is
contractible. Hence E ′|Y is a trivial bundle. By Proposition 3.22 and Theorem 4.1, we have both
SH∗(E ′;R) and SH∗(W ′;R) vanish. By Proposition 3.21, we have the following two Gysin exact
sequences which are isomorphic to each other,
. . . // SH∗−1+ (W
′;R) //

SH∗−1+ (E
′;R) //

SH∗−2k+ (W
′;R) //

SH∗+(W
′;R) //

. . .
. . . // H∗(W ′;R) // H∗(E ′;R) // H∗−2k+1(W ′;R) // H∗+1(W ′;R) // . . .
Since Nα 6= 0, the Gysin sequence on the regular cohomology is not trivial. On the other hand,
E|Y is trivial. By Proposition 3.29, the Gysin sequence on the positive symplectic cohomology is
isomorphic to the trivial Gysin sequence induced from the trivial bundle, which is a contraction.
Therefore we have H2k(W ′;R) → H2k(Y ;R) is an injection for all 2k ≤ n − 2. Since Weinstein
domain W can be constructed by attaching m-handles to Y for m ≥ n, the long exact sequence
associated to the relative cohomology H∗(W,Y ) implies that Hm(W ′R) → Hm(Y ;R) is an iso-
morphism for m ≤ n − 2. Then by Theorem 4.1, we must have H2k(W ′;R) → H2k(Y ;R) is an
injective map between two vector space of the same dimension. Hence H2k(W ′;R) → H2k(Y ;R)
is an isomorphism for 2k ≤ n− 2. 
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Remark 4.6. By Proposition 4.5, the cup product H2k(W ′;R)⊗H2l(W ′;R)→ H2k+2l(W ′;R) is
isomorphic to the corresponding structure on W for 2k + 2l ≤ n − 2. If we know that W ′ is a
Weinstein domain, such result is tautological.
Theorem 4.7 (Theorem 1.1). Let Y be the contact boundary of a 2n-dimensional flexible Wein-
stein domain W with c1(W ) = 0. Then for any Liouville filling W
′ of Y with c1(W ′) = 0. there
is a linear isomorphism φ : H∗(W ;R) → H∗(W ′;R) preserving grading, such that φ(α ∧ β) =
φ(α) ∧ φ(β) for α ∈ H2k(W ;R) with 2k ≤ n− 2.
Proof. If the isomorphism H0(W ;Z) → SH−1+ (W ;Z) = SH−1+ (W ′;Z) → H0(W ′;Z) sends 1 to 1,
then we define φ : H∗(W ;R) '→ SH∗−1+ (W ;R) = SH∗−1+ (W ′;R) '→ H∗(W ′;R), otherwise we twist
it by a negative sign. Without loss of generality, we assume the case of sending 1 to 1. Note
that by Theorem 4.1, φ is actually induced by an isomorphism on Z-coefficient cohomology. By
Proposition 4.5, for 2k ≤ n−2, we have ψ : H2kfree(W ′;Z)→ H2k(Y ;Z)→ H2kfree(Y ;Z) is invertible
when tensored with R. Let M := detψ · |H2ktor(Y ;Z)| ∈ N, then for every α ∈ H2k(W ;Z), we have
Mα|Y is in the image of H2k(W ′;Z)→ H2k(Y ;Z). Then by Theorem 4.4, there exists N ∈ N such
that we have two sphere bundles E → W and E ′ → W ′ with E|Y = E ′|Y and e(E) = NMα.
By Theorem 4.1, we have SH∗(W ;R) = SH∗(W ′;R) = 0. Then Proposition 3.22 implies that
SH∗(E;R) = SH∗(E ′;R) = 0. Therefore we have the following isomorphic exact sequences by
Proposition 3.21 and Proposition 3.29,
(4.1)
. . . // H∗(W ;R) //

H∗(E;R) //

H∗−2k+1(W ;R)
∧(−1)∗e(E)
//

H∗+1(W ;R) //

. . .
. . . // SH∗−1+ (W ;R) //
=

SH∗−1+ (E;R) //
=

SH∗−2k+ (W ;R) //
=

SH∗+(W ;R) //
=

. . .
. . . // SH∗−1+ (W
′;R) //

SH∗−1+ (E
′;R) //

SH∗−2k+ (W
′;R) //

SH∗+(W
′;R) //

. . .
. . . // H∗(W ′;R) // H∗(E ′;R) // H∗−2k+1(W ′;R)
∧(−1)∗e(E′)
// H∗+1(W ′;R) // . . .
In particular, the vertical composition is φ. Since φ(1) = 1 and the Euler class of the first row
is NMα, we know the Euler class for the last row is NMφ(α). Hence we have φ(NMα ∧ β) =
NMφ(α) ∧ φ(β), for any β ∈ H∗(W ;R). In particular, the Theorem holds. 
Remark 4.8. If Y is the boundary of a subcritical Weinstein domain, then the cohomology version
of [4, Theorem 1.2] asserts that for any Liouville filling W of Y we have Hk(W ;R) → Hk(Y ;R)
is an isomorphism for k ≤ n − 1 and Hk(W ;R) = 0 for k ≥ n. Hence the cohomology ring
H∗(W ;R) is purely determined by the ring structure on H∗(Y ;R). Theorem 1.1 proves a weaker
statement that ring structure of H ∗ (W ;R) is unique when one of the multiplier is of even degree.
However, if Y is the boundary of a flexible Weinstein domain W with critical handles, then we
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only have Hk(W ) → Hk(Y ) is isomorphism for k ≤ n − 2 and Hn−1(W ) → Hn−1(Y ) injective.
In particular, the ring structure (or just the even part) of H∗(W ) is not completely determined by
H∗(Y ) even if we know W is Weinstein.
Corollary 4.9. Let W be a flexible Weinstein domain such that c1(W ) = 0 and H
∗(W ) is sup-
ported in even degrees. Assume W ′ is a Liouville filling of Y := ∂W with c1(W ′) = 0, then
H∗(W ;R) = H∗(W ′;R) as a ring.
Proof. Let n := 1
2
dimW . If n is even, then the claim follows directly from Theorem 1.1. If
n is odd, then the only nontrivial product with element from Hn−1(W ;R) is the product with
H0(W ;R) = R, hence the claim also holds. 
Remark 4.10. Since Theorem 1.1 asserts the cup product structure is unique if one of the multi-
pliers is of even degree. The cohomology ring is unique for the following two more general cases.
(1) If n is even, and
∑∞
i=0 dimH
2i+1(W ;R) ≤ 1.
(2) If n is odd, and
∑∞
i=1 dimH
2i+1(W ;R) ≤ 1 and H1(W ;R) = 0.
There are some cases where the cohomology ring is enough to determine the real homotopy type
of the manifold.
Example 4.11. Let Flex(T ∗CPn) be the flexible Weinstein domain using the almost Weinstein
structure on the standard cotangent bundle. Then by Theorem 1.1, the cohomology ring of any
Liouville filling of ∂F lex(T ∗CPn) with vanishing first Chern class is R[u]/un+1 with deg(u) = 2.
Hence the Sullivan minimal model [11] (∧V, d) is given by V := 〈u, v 〉 with deg(u) = 2, deg(v) =
2n+1, and du = 0, dv = un+1. In particular, any simply connected Liouville filling of ∂F lex(T ∗CPn)
with vanishing first Chern class has the same real homotopy type as T ∗CPn. We will show in our
future work that any Liouville filling of ∂F lex(T ∗CPn) with vanishing first Chern class is simply
connected.
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